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INTRODUCTION 


Over the last few years the life insurance world has developed various methods for 
analyzing and managing interest rate risk. Each method has one primary goal: the 
determination of an optimal investment strategy that will ‘‘immunize’’ an msurance 
company’s wealth from the ravages of changing interest rates. The most recent and 
predominant analytical method used for finding this optimal investment strategy is the 
*‘actuarial simulation’’ approach. An actuarial simulation involves creating a computer 
model that simulates the performance of an investment strategy versus an insurance 
company’s liabilities. The insurance company’s risk manager then tries to find the optimal 
strategy by testing numerous investment strategies over a wide range of interest rate 
scenarios. While the simulation approach is powerful, it can rarely discover an ‘‘immunizing 
strategy’’ for most modern-day insurance company products because no simple static or 
dynamic investment strategy will completely match the variability of the liability cash flows if 
the liability cash flows are themselves interest-sensitive. Therefore, the simulation approach 
forees the insurance company manager to settle for an investment strategy that limits the 
results to an acceptable range. 


Ironically, the impetus for the development of the simulation technology arose from a 
perceived shortcoming of another method that had already been shown to achieve true 
immunization. This method, known as “duration matching,”’ sought to protect the insurance 
company’s wealth by matching up the interest rate sensitivities of assets and liabilities. The 
implementation of duration matching had been well documented and included a simple 
mathematical formula for determining the ‘‘duration’’ index. However, problems sometimes 
developed when the duration-matching method was used in an attempt to immunize wealth in 
situations where the liability cash flows were themselves interest-sensitive. It often appeared 
to give results that were worse than those achieved through the simulation approach. We will 
show in this report that the failure of duration-matching strategies had everything to do with 
the definition of duration and nothing to do with the concept itself. 


This report contains a demonstration of proper duration matching for a very 
interest-sensitive insurance liability , the single premium deferred annuity policy (“‘SPDA*’). 
We will explain how option-pricing theory can be combined with simulation techniques to 
derive the duration of an interest-sensitive cash flow stream (irrespective of whether the cash 
flow arises from an asset or a liability). We will apply this methodology to the SPDA and 
determine its immunizing investment strategy. Finally, we will validate the strategy by 
performing a traditional simulation study for the SPDA, where we demonstrate that an 
investment strategy based upon a proper approach to duration matching will protect the 
wealth of the insurance company. In the process of validating the immunizing strategy 
through a simulation model, various key principles with respect to asset/liability management 
will become apparent. 
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SECTION I 


IMMUNIZATION THROUGH DURATION MATCHING: 
WHAT IT IS, AND WHAT [Tf ISN’T 


Immunization and Duration Defined 


In 1952 F. M. Redington, a British actuary, defined immunization as “the investment of 
the assets in such a way that the existing business is immune to a general change in the 
rate of interest.”! The simplest immunization technique involves an asset portfolio that 
generates cash flows in exactly the right amounts at the due dates of the liabilities, and is 
otherwise known as “cash flow matching” or “dedication.” However, dedication is not 
feasible in most cases where the asset or liability cash flows are themselves related to the actual 
level of interest rates. 


An alternative immunization method involves an investment strategy that insures that the 
market vulue of the asset portfoho tracks any muvement in market value of the associated 
liability portfolio as interest rates change. Since the market value of assets or liabilities is also 
equal to the present value of their cash flows, this method insures that the asset portfolio 
always has sufficient wealth to either liquidate or mature the liability. Market value 
immunization is a very powerful and flexible approach to asset/liability management, 
particularly from the asset portfolio manager’s perspective. Because this method is concerned 
only with the value of assets and liabilities, the portfolio manager is not restricted to using only 
“cash flow matching” investinents and may thus consider virtually any fixed income 
investment for use in the immunizing asset portfolio. 


What is needed for market value immunization is a measurement index that defines how 
the market value of a cash flow stream will change with respect to changes in interest rates. If 
this single index of price sensitivity is itself susceptible to change (either by the progression of 
time or by shifts in the level of interest rates), then it may be necessary to also incorporate a 
rebalancing element in the immunization strategy, This measurement index, which is known 
as the cash flow stream’s “duration,” can be derived from the Taylor series expansion of the 
equation of price as a function of interest rates. The mathematical formulation of duration has 
been described in other publications, and it is found to be:* 


DURATION = -(dPRICE / di) / PRICE 


In other words, duration is a measure of price sensitivity and is computed by finding 
out how much the price will change (¢@PRICE) as interest rates change a small amount 
(di). It is turned into a measurement index by taking the ratio of this price change to the 


' The first reference to mmmunizetion was by F. M. Rediazten in “Review of the Principles of [ife-Office Vahiations?Joxrrual ofthe Muctituie of Actunies 
(¥ohime 18, 1952). 


* Theoriginal reference ta duration istoundin Some fheorerica! Problems suggested by the Movemenis of Interest Rates, Bond Yields ard Stuck Prices isihe 
Caled Stater Since 856 by FR. Maccelay, National Burscu of Econcmic Neacerch (1928), Uther developments are addressed by U Bicrwag. G. 
Kaulrxn, and A, Toevs in “Duration: [ts Development and Ure in Bond Portfalis Management?’ Financial Anciysis Jouraa: (Taly/August 1983). 
sm, oH up. cit, pounted out the use of the Taylor expazsion to create a measure of duration fcr an appropriately small chaage in interest cares. Tals 
fomnuletion ignores she higher vider leas of the Tayler expansion aml expresses the change in interest rates as 8 small change io che force of interest 5. 
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beginning price. For the sake of convention, a negative sign is placed in front of the value 
so that instruments whose prices decrease when interest rates increase (such as bonds) will 
have positive durations. 

How to Immunize a Simplified Insurance Liability 


Let us assume that we are an insurance company that is in the business of selling annuities 
and that we are about to sell the following two simplified insurance products: 


(1) A 10-year annuity certain that pays $4,000 every sixth month. 
(2) A lump-sum payment of $100,000 at the end of 10 years. 


The company’s pricing actuary has determined that the products should be sold for 
premiums of $57,306 and $42,694, respectively, to produce a total profit (ignoring expenses) 
of $10,827 in present value. (Appendix I contains a more complete development of the pricing 
and immunization assumptions used in this section.) 


The payments described in (1) and (2) above constitute the liabilities of our insurance 
company. Our lask is to construct an investment portfolio and reinvestment strategy that 
will fund these liabilities and protect the expected profit. To test the prospect of success of an 
investment strategy, we perform a simulation that considers how much profit is actually 
earned over a 10-year period. Further, we look at the present value of this profit for each of 100 
possible interest rate scenarios. The yields characterizing these interest rate scenarios vary 
widely, as shown in Figure ] which displays the range of short-term interest rates over all 100 
scenarios, Figure | also highlights three specific interest rate scenarios that we will call high, 
stable and low. 


Figure 1 
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Testing Simple Investment Portfolios 


The first investment portfolios that we will test are composed entirely of constant-maturity 
bonds. For example, a 20-year bond investment strategy involves using the $89,173 of 
available premiums (after the expected $10,827 profit has been subtracted from the total 
$100,000 of premiums) to purchase a 20-year bond. At the end of each quarter (this being a 
quarterly simulation model) the bond is sold at the prevailing interest rate, any required 
liability payments are made, and the remaining funds are reinvested in a new 20-yeur bond.’ 
The success of this investment strategy will be defined by the ability of the initial $89,173 
reserve to fund exactly the entire 10 years of liability payments. Any excess at the end of 10 
years means that the reserve was redundant and we could have subtracted a larger profit and 
invested a smaller reserve. Any shortfall means that the reserve was deficient and a larger 
reserve was required, which would have reduced the profit (and maybe even have created a 
deficit). For the purposes of this report, an immunizing investment strategy is defined as one 
that effectively creates neither a redundancy nor a deficiency of reserves in any of the 100 
interest rate scenarios. 


Figure 2 depicts the results of six different constant-maturity investment strategies, from 
three-month investments to 20-year bonds. The vertical axis is the amount of redundancy 
(positive numbers) or deficiency (negative numbers) im initial reserve. Each vertical box 
shows the range of results using that investment strategy for all 100 different interest rate 
scenarios. There are also markings on each box that show the 20th, 40th, 60th, and 80th 
percentiles of results, demonstrating their dispersion. Each “diamond” marks the average of 
all 100 scenarios. 


The first thing one notices about Figure 2 is that some investment strategics do a better job 
of “immunizing” than others. In particular, a constant five-year maturity investment strategy 
seems to contain the least risk of missing the surplus target. Longer or shorter investment 
strategies have increasing amounts of risk (particularly if one puts less emphasis on the 
extremes of the 100 scenarios and instead concentrates on the surplus between the 20th and 
80th percentiles), This should not be surprising since, on average, the liability looks like a 
five-year bond.* 


Another point to notice about Figure 2 is that the average surplus of each investment 
strategy is approximately $0, meaning that the chosen set of 100 interest rate scenarios does 
not result in a bias toward any particular maturity. However, there is an apparent improvement 
in “upside” versus “downside” as one moves toward long strategies. Some of this apparent 
improvement can be dismissed if one again emphasizes the middle 60% of results. The 
improvement in the extreme cases is mainly due to the tendency of longer investments to 


2 The purpose of th:s suudy 13 to discover the characteristics of an ideal investment strategy. Therefore. while bonds are assumed to be sold at market levels 
dependent upon the prevailing interest rave, we have assumed no additional transaction costs, 


4 At issuance, the total liahility has the payment characteristics of a 10-year, 8% coupon bond, Over the course of the entire LO years. the average 
characicristics are those of a five-year find. . 
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“win” when interest rates fall and “lose” when interest rates rise. Figure 2 displays the 
present value of surplus, where the present value is computed using the interest rates along the 
scenario’s path. Hence the long strategies’ “winning”’ results are discounted at low rates of 
interest and the “losing” results are discounted at high rates of interest, causing this skewness 
in the present value of surplus. 


The final point regarding Figure 2 is the absolute range of results. Investing in 
three-month bonds contains some chance that the original reserve is deficient by $44,238 — 
which is more than four times the initially expected profit! Even the best strategy — five-year 
bonds — contains a substantial probability that the origmal reserve is either redundant or 
deficient by thousands of dollars. One can hardly call any of these investment strategies a truly 
“immunizing strategy.” 


Figure 2 
Simulation of Simplified Liability 
Present Value of Surplus 
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Duration of a Non-Interest-Sensitive Cash Flow Stream 


Earlier we suggested that immunization can be achieved by using an investment strategy 
which insures that the market value of the asset portfolio tracks any movement in market value 
of the associated liability as interest rates change. The results of the previous section showed 
that the investment strategy which came closest to achieving true immunization was also the 
one which came closest to having the same average cash flow characteristics as the liability. 
Having the same average cash tlow characteristics is one way of assuring that market values 
will track one another. A more precise way to measure this average is to measure the cash 
flow’s price sensitivity directly by computing its duration. 


‘Table 1 develops the duration of the liabilities and the various investment alternatives. The 
duration is simply 100 times the percentage change in price for a one-basis-point drop in 
interest rates, assuming all interest rates are expressed on a continuously compounding 
basis.* Another important point of this table is that liabilities can be managed in aggregate: 
The duration of a pool of liabilities is equal to its market-value-weighted average 
duration. 


Table 1 
Market Value and Duration 


Market Value Market Value 
(at current (down ane Percentage 

interest rates) basis point) Change Duration® 
Liabilily 4 $57,101.32 $51,124.06 144% 4.4 years 
Liability 2 38,077.54 38,109.63 100 10.0 
Total Liab lity $89,1/2.86 $39,233.69 068% 6.8 years 
3-month bonds $100,000.00 $100,002.50 0025%0 0.25 years 
6-meonth bonds 100,000.00 100,005.00 9050 0.50 
3-year bonds 100,000,00 100,026.96 027 2.7 
§-year bonds 100,000.90 100,041.08 041 4.1 
10-year bonds 100,000.00 100,065.66 066 6.6 
20-year bonds 100,000,900 100,083.80 O89 8.9 


3 We have chosen to define duration un terms ot a onc-basis-point drop in the entire term structure of interekt rates. The term structnre is exhibited in 


Appendix I. 


© Note that de duran value is denominated m years becuuse Curation is a measure of price change with respect to interest rates, ard interest rates are 
ea presse as a perceutage per year. Alternatively. duration is often a oeusure of average Life (see “Duration Misunderstood}, where the average life is 


expressed in years. 
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Duration-Matched Investment Strategy 


Because the liability duration of 6.8 years is not precisely equal to the duration of any of the 
available investments, it is not surprising that none of the available investments performed an 
adequate job of immunization. We could, however, construct an investment portfolio 
composed of 10-year and 20-year bonds that would have an average duration of 6.8 years. By 
investing in this portfolio, the assct duration will equal the liability duration, and theory tells 
us that the profit should be immunized. Figure 3 compares the results of the previously shown 
constant-maturity investment strategies with the new constant-duration investment strategy. 


Figure 3 
Simulation of Simplified Liability 
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What has gone wrong? The new set of results hardly looks better than investing in 10-year 
bonds and is certainly less “immunizing” than investing in five-ycar bonds. The problem is 
nat with the initial investment portfolio, which is duration-matched to the initial liability, but 
with the reinvestment strategy. By using a constant-duration investment strategy we have 
ignored the fact that the duration of the liability is continuously changing. Two primary factors 
contribute to the change in liability duration: (1) as time progresses, the liability ages (known 
as duration “‘drift’’), and (2) as interest rates change, duration also changes (generally referred 
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to us convexity”), Figure 4 shows the range of liability durations for all 100 interest rate 
scenarios as well as the actual movement of duration for the three highlighted scenarios. Note 
that the duration drifts until it reaches zero ut maturity. Note also that the level of interest rates 
influences the duration of the liability (as evidenced by the dispersion of possible durations at 
any quarter}. 


Figure 4 
Liability Duration 
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Immunization requires rebalancing the asset portfolio. The process of constructing an 
immunizing assct portfolio requires not only the measurcment of an initial duration target, but 
also the measurement and rebalancing of ensumg lability and usset durations. To test the 
success of a full duration-matching investment strategy, we again perform a simulation. The 
new investment strategy is to purchase, at the beginning of cach quarter, a portfolio of two 
bonds that has the same duration as the remaining liability.” By rebalancing every quarter, we 
can construct an asset portfolio whose duration “replicates” the duration level and drift of the 
liability. In theory, immunization requires continuous rebalancing in order for the asset 
portfolio to exactly track the liability’s duration. In practice, rebalancing is done only 
penodically. This report studies the effect of quarterly rebalancing. Also, because we know 
that any rebalancing and interest rate changes can occur only at the end of each quarter, our 
duration calculation is refined to incorporate only the cash flows remaining after the end of the 
quarter. This refinement improves the degree of immunization. The degree of immunization 


? The two bonds are selected from the then-cyrrent three-mauth, sis-wuuth, une-year, three-year, five-year, 10-yur yr 20-vear marurity current-coupon 
bonds. . 
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could be improved further by also matching the convexity of the asset portfolio to that of the 
remaining liability. However, Figure 5 shows that even with such quarterly rebalancing and 
lack of convexity match, a substantial degree of immunization is achieved. Appendix I 
indicates that all 100 scenarios are within $1,247 of the reserve target. We will call these 
results true immunization. 


Figure 5 
Simulation of Simplified Liability 
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Duration Misunderstood 


The word “duration” is potentially misleading for the measure of price sensitivity that we 
are trying to quantify. ‘“Duration” was coined by Frederick R. Macaulay in 1938 to describe 
the average life of a set of cash flows as determined by their average present-value-weighted 
maturities. “Duration” became synonymous with the price-sensitivity definition when it was 
shown that the Macaulay duration of a non-interest-sensitive cash flow stream is 
mathematically equal to its price sensitivity. However, Macaulay duration fails to equal the 
price sensitivity whenever the cash flows themselves vary with the level of interest rates. It 
should have come as no surprise to asset/liability managers that duration, as defined by 
Macaulay, failed to properly provide an immunizing strategy for interest-sensitive cash flows 
(such as most insurance hability cash flows), Finding no simple method to adapt Macaulay 
duration to interest-sensitive cash flows, insurance company risk managers began to 
implement simulation models in an attempt to discover immunizing investment strategies. 
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However, if one goes back to the basic market-value definition of duration, it is possible to 
develop a proper duration measurement for interest-sensitive cash flows. As long as we can 
derive a single market value or price for the cash flows, it is possible to examine the price 
behavior in various interest rate environments and determine duration numerically. At 
Morgan Stanley we call this duration the “option-adjusted duration” because of the way in 
which we determine the price of the cash flows. The determination of option-adjusted 
durations involves applying both simulation techniques and option-pricing theory. By using 
both tools it is possible to express the immunizing investment strategy directly in terms of 
duration, in contrast to the actuarial simulation approach in which an initial set of assets anda 
reinvestment strategy must be specified. 
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SECTION II 


THE THEORY OF PRICING FENANCIAL ASSETS 
AND ITS RELATION TO INSURANCE SIMULATION MODELS 


Option-Pricing Theory 

To most people (even to some actuaries and investment managers), “option-pricing 
theory” is an intimidating phrasc. Not only does it involve options, which are often viewed as 
esoteric instruments and very risky, but it emphasizes theary, which may seem to have little 
bearing on the real world. But “‘option-pricing theory” simply refers to the pricing of any 
instrument. whose cash flow is dependent upon the movement of interest rates. These 
instruments do not have to be the “puts and calls” one normally associates with options; rather 
they can be the components of any cash flow stream (such as the payments arising from an 
insurance contract). The theory merely indicates how to derive a fair market value for the cash 
flow stream. 


Why use option-pricing theory? Actuaries already have many “pricing” methods that are 
used to set an insurance policy's price (i.e. , its premium). Unfortunately, these methods were 
created at a time when interest rate volatility was of little concern. Most traditional actuarial 
pricing methods use only a single interest rate (or intercst rate path) assumption. When 
concerned about the valatility of interest rates, actuaries will choose a “conservative” interest 
rate assumption to set a policy’s price. While this method may perhaps arrive at an acceptable 
level of profitability, it is hardly a method to use when trying to create an immunizing 
investment strategy. 


In the real world, interest rates vary. A pricing method should account for this fact, and 
should do so in such a way that a single price is consistent with all reasonably possible 
scenarios of future interest rate movements. In option-pricing theory, one does not have to 
make a subjective ranking of the likelihood of any given interest rate path occurring, which is 
a common problem with actuarial simulation techniques. The price as determined by 
option-pricing theory is the present value of the cash flow stream, no matter which 
scenario interest rates follow.* This statement is true because the fair price of an 
interest-sensitive instrument can also be justified by assuming that riskless arbitrage cannot 
exist. That is, it can be shown that a hedging portfolio of fixed-cash-flow bonds can be 
created that has the same future value as the interest-sensitive instrument.’ Therefore, in order 
to prevent riskless arbitrage, the price of the interest-sensitive instrument must also be the 
present valuc of the hedging portfolio. Converscly, the valuc of a cash flow stream determined 
by applying option-pricing methods is fully hedgeable. This is a very important statement to 


* So Jong as the yield curve dynamics and yolatiity on which the price is based continuc to apply. 
¥ This arbitrage approach is explained sy J. Cox. 5. Ross, and M. Rubinstein in “Option Pricing: A Simp! ified Approach,” Jew ua! of Financial Economics 
(September 1979). 
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any insurance company manager who is concerned with the ability of a company’s assets to 
satisfy fully the associated insurance Liabilitics. By using the lessons of option-pricing theory, 
the investment manager can create u fully immunizing investment strategy. 


Option-Pricing Techniques 


Most people agree on the characteristics necessary to construct a proper theory of option 
pricing, but putting the theory inty practice has created a cottage industry. One of the mput 
ussumptions necessary (o option pricing is a properly unbiased process that describes the 
manner in which interest rates behave. This process is used to generate interest rate paths 
which, when taken as a set, make certain statements about the volatilily of interest rates and 
the probabilistic dynamics of the entire yield curve. Creating such an unbiased set of interest 
rate paths is the rub. Many types of option-pricing model have been described in the literature, 
especially models where the interest rate process involves discrete changes in interest rates. A 
popular form of these models permits interest rates to move according to a discrete binomial 
process (that is, interest rates can move only to some “up”’ state or “‘down”’ state from one 
period to the next). Whatever proccss is used, however, the interest rate paths must conform to 
proper assumptions concerning the volatility of interest rates and the way in which various 
parts of the yield curve interact.” 


All option-pricing models require an initial level of interest rates to be specified. A 
properly constructed model must use a whole yield curve to seed the interest rate process. The 
first step in pricing a cash flow stream is to generate a set of interest rate paths from the initial 
yield curve according to the assumed interest rate process. Next, the relevant cash flows are 
projected for each time period along each path. If the cash flows are interest-sensitive, their 
amount and timing will depend upon the path that is followed. The present value of the cash 
flows for any one path is found by discounting the flows using the period-by-period short-term 
rates along the path. Finally, these disparate present values from all the paths are averaged 
appropriately to produce a single market value or price. To verify the accuracy and 
consistency of the technique, it can be used to value assets whose prices are established 
through market forces; for example, all U.S. Treasury bonds. 


The option-pricing model used in this report is based upon a continuous process of interest 
rate movements that generates paths of entire yield curves. The interest-sensitive cash flows 
are priced using a large sample of paths. 


Similarity to Actuarial Simulation Techniques 


The preceding description of option-pricing models sounds very similar to traditional 
actuarial simulation models. An actuarial simulation involves generating cash flows both for 
the assumed assets and the liabilities along several interest rate paths. We borrow from 
simulation techniques in that the cash flow generator for the liability stream is constructed 
essentially as it would be for a simulation model. However, unlike actuarial simulation 


® The characteristics of a proper option-oricing model are explained by R. Bookstaber, D, Jacob, and J. Langsam in “Pitfalls in Deb: Option Models.” 
Mogan Stamey Fixed Income Research Publication (April 1986). A conforming model is developec by D. Jacob, G. Lord andJ. Tuley in "A Generalized 
Framework for Priciay Contingent Cash Flows,” Financial Managemen: (Summer 1987). 
L2 
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models, we do not need to study an assumed asset cash flow since the liability market value 
and duration will dictate the ideal characteristics of the asset portfolio. The major 
differences between an option-pricing approach and a simulation approach are that option- 
pricing models (1) look at onc side of the balance sheet at a time, and (2) produce market 
values (present values) rather (han period-by-period results. However, because the generation 
of period-by-period cash flows is an interim step within an option-pricing model, 
option-pricing theory as applicd to insurance liabilities can be thought of as an extension of 
actuarial simulation models. 


Tn practice, an option-pricing-based mode! is often used to determine the market value of 
exisiting liabilities, which is then compared with the market value of existing assets (where the 
assets have been valued according to the actual market prices on the date of valuation),"' The 
difference between the asset and liability market values is the amount of market value surplus 
(or deficit) in the modeled business. The match between assct and liability durations can also 
be found if the asset duration is determined using a similar option-pricing framework, 
allowing the analysis of intcrest-sensitive assets such as callable bonds and mortgage-backed 
securities. 

Morgan Stanley has developed cash flow simulators for various insurance products 
including SPDAs, single premium whole life, universal life, flexible premium annuities, 
GICs, plan termination and structured settlement annuities, and even property/casualty 
products. In addition, Morgan Stanley models for callable and putable corporate bonds and 
mortgage-backed securities help us analyze a variety of assets against these insurance 
products. Later sections of this report will demonstrate the application of our SPDA model. 


Calculation of Duration and Convexity 


The preceding sections have described how option-pricing techniques can be used to 
derive a market value for an insurance liubility cash flow stream. The relative size of the 
liability market value in relation to the asset market value determines the existence of true 
economic (as opposed to statutory) surplus or deficit. In order to immunize this surplus or 
deficit, the next step is to calculate the liability duration so that it can be compared with the 
asset duration. It also might be helpful to calculate the convexity of the liability so the asset 
portfolio can be positioned to reduce the need for rebalancing. However, this report will 
emphasize the calculation of duration only. 


It is important to remember that duration and convexily are merely indices that describe 
how much a price will change as interest rates change. The option-pricing model determines a 
price by generating a set of interest paths, starting from some initial yield curve (which is 
usually the actual yield curve of available investments as of the date of valuation). By shifting 
the initial yield curve and gencrating a new set of paths and cash flows starting from the shifted 
curve, one can reprice the cash flows and so determine how the price varies with movements in 


‘1 In effact. aption-pricing theory is che interest-sersitive enalog toa Gross Premium Yalustion. 
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interest rates. Studying a number of parallel shifts in the initial interest rate term structure 
allows us to determine the duration and convexity of the cash flow stream.'* Even though we 
analyze only parallel shifts in the initial term structure, the model allows for nonparallel 
movements of the yield curves along the various paths. The last section of this report will 
demonstrate that this duration target can be very reliable even when nonparallel shifts occur. 


Finally, it should be noted that when non-interest-sensitive cash flows are evaluated using 
an option-pricing model, the duration and convexity values produced are identical to those 
produced through a simple modification of Macaulay’s original formulation. Thus, 
option-pricing models allow the theory of immunization to be extended to the situation of 
interest-sensitive cash flows. 


‘2 The term struccare of lmerest rates refers to time-specific d:scaunt races, sometimes ca_led “spat rates” or “zere-coupon bond vields." T ‘ 
I t u I - f i ctury H Spe apo Gone vuelds Dae berm structure 
is uften derived from information contained in the yield curve of coupon-paying bonds. A discussion of term-stracture theory and ls uses is Contained in 
“The Term Stucture of Interest Rates and Its Use in Asset and Liability Management.” A. ‘locvs and L. Dyer, Morgan Stanley Fixed Icom Research 
Publication (October 1986). . ‘ 
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SECTION TI 


CASE STUDY: 
MARKET VALUE AND DURATION OF AN SPDA 


This section applies option-pricing techniques to an interest-sensitive insurance liability: 
the single premium deferred annuity (“SPDA"). We first give a generalized description of the 
SPDA, highlighting the sources of interest rate risk. We then analyze a specific example, 
developing assumptions about the interest sensitivity of various product features. These 
assumptions are Incorporated into a mode! that is used to calculate the price and duration of the 
SPDA cash flow. The price will indicate the expected profitability of the SPDA, while the 
duration will dictate the immunizing investment strategy. 


Section IV utilizes a traditional actuarial simulation approach to test the results of the 
model]. We show that by investing in an asset portfolio with the proper duration, the expected 
profitability of the SPDA can be acceptably immunized against changes in interest rates. The 
results should be compared with the previous simplified example of immunization to 
determine the success of the SPDA immunization. 


lt should also be kept in mind that we are analyzing only one set of assumptions about the 
interest sensitivity of SPDA product features. However, these techniques can easily be 
repeated for other sects of assumptions and such sensitivity analysis will indicate to the 
asset/liability manager the degree of immunization that can ultimately be achieved. 


What Is an SPDA? 


An SPDA is an insurance product that acts like a savings account for the eventual purchase 
ofan annuity. The purchaser of an SPDA makes a single premium payment, usually at the time 
the contract is applied for. The premium is credited to the policy account and accrues interest 
until (1) the account js used to purchase an annuity at the then-current rates, (2) the purchaser 
dies, or (3) the purchaser decides to withdraw the policy’s funds, The interest rate credited is 
usually a current-muarket rate, initially guaranteed for a defined period, and then reset 
periodically by the insurer subject to a minimum guarantee. SPDAs are normally sold as a 
vehicle to accumulate funds for retirement. 


Interest Rate Risks Inherent in an SPDA 


There are numerous interest rate risks inherent in an SPDA. Most industry analysts have 
focused on the risk of disintermediation due to rising interest rales. It is relatively easy [or a 
policyholder to withdraw funds from an SPDA since all products allow access to any or all of 
the account’s accumulated value, usually with some nominal “surrender charge”’ during the 
first seven to 10 years after issuance. Most SPDAs also allow a small percentage of the account 
valuc, usually 10%, to be withdrawn annually without incurring a charge. In order to avoid 
taxation on the accumulated interest, the policyholder can surrender the contract and “roll” 
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the proceeds over to a new SPDA. In addition, the policyholder can always convert the SPDA 
into an immediate annuity that provides a monthly income stream. Thus, from the 
policyholder’s point of view, there usually are no tax considerations involved when deciding 
whether or not to surrender the policy. 


The policyholder’s major consideration when deciding whether to surrender is the rate 
that is being credited by the insurer versus the rates that are currently available in the 
marketplace as offered by competitive insurers. Since funds are withdrawn at close to book 
value, a loss to the insurer may occur if the assets supporting the policy account have to be sold 
at less than their book valuc. The risk to the insurance company is obviously greatest whenever 
interest rates suddenly rise. However, just as some homeowners may prepay their mortgage in 
a high interest rate environment, there will always be a certain percentage of policyholders 
who surrender for reasons other than interest rates. An additional risk associated with policy 
surrender is that even though assets may not have to be liquidated below book value, the 
surrender charge may be inadequate to recover the unamortized acquisition expenses. 


A second major risk is associated with the SPDA’s credited rate itself. Initially, the 
insurance company guarantees a fixed credited rate. This fixed rate is then subject to change 
after the guarantee period expires (most typically, after one year). At the time of issuance, 
neither the insurance company nor the policyholder knows what the subsequent credited rates 
will be. The insurance company may have a credited-rate strategy, but the actual rate will be 
subject to market conditions at the time of renewal. Therefore, the insurer has no way of 
predicting the accreted size of the ultimate SPDA liability. 


Another major (and often overlooked) risk inherent in an SPDA is that of falling interest 
rates. Some SPDAs guarantee the initial interest rate for as long as seven years. This long 
guarantee period obviously involves the risk that lower reinvestment rates may cause the 
insurer to have a shortfall in investment income, Even though this risk seems to be mitigated 
where the insurer has a shorter guarantee reset period, many insurers are loath to reduce their 
credited rate. This action effectively creates a longer “guarantee” period. Another risk of 
falling interest rates arises from the minimum interest rate guarantee attached to the SPDA. 
While this guarantee is usually a “conservative” 4%, it is entirely conceivable that 
reinvestment rates may fall below that level and stay there for some time. 

Case Study: Assumptions 

A detailed description of the SPDA used in this case study is contained in Appendix [1. 
While this SPDA does not represent any particular insurcr’s policy form, its features are 
typical of many being marketed today. The case study is based upon a single premium of 
$100,000, which also becomes the initial value of the SPDA account. The amount of the 
premium available for the insurer to invest is the $100,000 deposit, nct of $219 in issuance 
expenses, $5,000 in commissions, and $2,000 in anticipated profit—namely a “net 
premium” of $92,781. Recurring expenses consist of a maintenance expense of $25 per 
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annum, which increases at an inflation rate correlated to the interest rate scenario, and a yearly 
investment expense equal to 25 basis points (.25 %) of the outstanding account value. 


The SPDA is credited with a guaranteed rate nf 7.90% per annum for the first five years. 
This rate was set in a yield environment where five-year investments yielded 9.22% ona 
bond-equivalent basis. After the five-vear guarantee period, the credited rate is reset annually. 
Ttis assumed that the insurer will follow a reset strategy that annually renews the SPDA at 165 
basis points below then-current five-year investment yields (with the result rounded to the 
nearest 10 basis points), subject to a 4% minimum credited rate. Competing insurers are 
assumed to follow a similar credited-rate strategy, except that their reset margin is 150 basis 

points below five-ycar investment yiclds. 


The SPDA policyholder has the right at any time to withdraw any or all of the accumulated 
cash value. The SPDA in this example applies a surrender charge at the time of surrender. This 
charge is 6% in the first two policy years and is scaled downward until it is eliminated by the 
eighth year. There is no free partial surrender provision. Surrenders are assumed to occur at a 
minimum rate of 4% of in-force account values annually. Additional lapses occur if the 
SPDA's credited rate becomes less attractive than an assumed competitor’s credited rate. The 
algorithm for this lapse function is shown in Appendix II." The case study models a 10-year 
period, at the end of which time all remaining account valuc is withdrawn. 


Market Value and Duration of the SPDA 


The first step in deriving the market vaiue of the SPDA is to construct the interest rate 
scenarios over which the SPDA cash flow will be analyzed. As previously described, these. 
scenarios are generated in such a way that they comport with option-pricing criteria and each 
path is a sequence of complete yield curves. The actual number of scenarios analyzed is 
determined more from practical than from theoretical considerations. While “‘more 
scenarios” is always better theoretically, we have found that acceptably accurate results (and 
acceptable computer charges) can be achieved with about 100 scenarios. For the suke of 
convenience, the scenarios used to value the SPDA happen to be the same scenarios used 
previously to test the immunization of the simplified insurance liability. Substantially identical 
results would be achieved with a different set of 100 scenarios generated from the same 
interest rate process and assumptions. Once again, rather than supply the details of all 
scenarios, we will highlight only the three scenarios (high, stable, and low) described earlier. 
Appendix III lists the full 10 years’ worth of interest rates from these three scenarios. It is 
readily apparent that the assumed volatility of interest rates allows for some fairly wild interest 
rate movements. 


Once the interest rate paths have been generated, the next step is to project the SPDA 
liability cash flows along each path. These cash flows consist of an initial amount 
(commissions, issuance expenses, and profit) followed by a stream of expenses and 


(3 A comme. critivismn of using opticn-sricing models for insuran2e products is that 1 is necessary to specify an imerast-sensitive withdrewa! funclivn. 
However, the need for this functivn is lye implicit in te actuarial-sirulativa models that arz currently in vogue 


17 


MORGAN STANLEY 


surrenders. The details of these cush flows are listed in Appendix III. The total cash flow for 
the three scenarios is shawn in Figure 6. Because the modeled credited-rate strategy is fairly 
“competitive” (that is, it follows current market rates both up and down), cash surrenders are 
held to a minimum and the projected cash flows generally extend for a long period of timc. 
Other credited-rate strategies would show different cash flow characteristics. The large 
amount of cash flow in the tenth ycar is due to the assumed surrender of all policies still in force 
at the end of the projection period. Our challenge is to immunize the SPDA‘s target surplus, 
notwithstanding the variability of this cash flow. 


The cash flows shown are a good example of the various risks inherent in an SPDA. The 
high interest rate scenario exhibits the risk of early surrender. This is particularly apparent 
during the period near the end of the five-year guarantee, a time when the surrender charge is 
decreasing and the fixed credited rate is becoming less attractive as interest rates increase. 
Even during the final five years, when the credited rate is reset annually, interest-sensitive 
surrenders are avoided only at the times when the credited rate is competitive. The stable 
interest rate scenario exhibits only a few interest-sensitive surrenders, when interest rates drift 
upwards during the eighth and ninth ycars, but this low surrender rate causes the terminal cash 
flow to be much higher than in the high interest rate scenario. Finally, the “low” interest rate 
scenario avoids interest-sensitive surrenders, but the five-year fixed guarantee followed by the 
4% minimum guarantee creates a terminal cash flow that is not much smaller than in the stable 
interest rate scenario. 


The market value of the SPDA is found by calculating the average over the 100 
interest rate paths of the present values of liability cash flows. The SPDA in our example 
has a market value of $92,781. One hopes that $92,781 is also the amount of funds available to 
invest after all up-front expenses and present value of future profits have been subtracted from 
the SPDA premium. If the amount is greater (less) than $92,781 , the expected present value of 
profits is greater (smaller). The example for this case study has been arranged so that the 
available SPDA “‘net premium” is $92,781 — exactly equal to the SPDA markct valuc. 


This market value is derived from a sct of paths based upon the initial 
current-coupon-bond curve of available investments (listed in Appendix 1). In order to 
calculate the duration of the SPDA, we must also calculate a market value in a shocked interest 
rate environment. In fact we should calculate market values in two morc interest rate 
environments in order to better approximate the duration in the current interest rate 
environment. These two additional sets of 100 paths have been computed by first shocking the 
term structure underly ing the initial coupon curve both up and down by 100 basis points (on a 
continuously compounded basis), then generating 100 new interest rate paths and cash flows 
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‘Figure 6 
SPDA Cash Flows 
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for each of these new environments." The results of these calculations are: 


Shock to Initial Percentage 
Term Structure Market Value Change 
-100b.p. $96,297 
mt) 92,781 ig 
100 89,742 


To calculate the duration of the SPDA we then fit a curve to the above results with the 
following functional form: 


il 


eat bs 


-b 


MYV(S) 
Duration(S = 0) 


Where MV denotes market value and S denotes shock to the initial yield curve. 


Thus, the option-adjusted duration of the sample SPDA is found to be 3.5 years, which is 
also roughly the average percentage change in price for a 100-basis-point shift in interest rates 
from the initial levels. 

Comparison with Macaulay Duration 


It is interesting to compare the price-sensitivity duration for the SPDA with its Macaulay 
duration. For any particular interest rate scenario, the Macaulay duration is equal to the 
average present-value-weighted maturity of the cash flow stream. For the SPDA modeled in 
this report, the range of Macaulay durations over all 100 scenarios is from 2.9 years to 7.9 
years. If the average cash flow over all 100 scenarios is used to compute a Macaulay duration, 
the value is 6.3 years. Practically all of these Macaulay durations are much longer than the 
price-sensitivily duration of 3.5 years. Why is there a difference? 


Macaulay duration merely indicates the average life of the cash flows. For anyone 
interested in the expected length of time the SPDA liability will remain outstanding, the 
Macaulay duration is useful. However, for anyone interested in immunizing the profitability 
of the SPDA, Macaulay duration is meaningless. Before leaving this subject, let us intuitively 
reconcile the two types of duration. One can think of the SPDA (or for that matter, any cash 
flow stream) as having two components: (1) an expected amount of cash flow given a 
“normal” interest rate environment, and (2) an interest-sensitive cash flow that will increase 
or decrease as interest rates change. The Macaulay-type duration properly accounts for both 
the length and price sensitivity of the “normal” component. In our SPDA example, this 
value is 6.3 years. In order to find the price sensitivity of the total SPDA liability, we must 
overlay the duration of the interest-sensitive cash flow onto the base duration of 6.3 
years. 


14 Nore that this process is mod the seme as simply adding or subtracting 100 hasis points to the tates along each path. 
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Intuitively, we know that the interest-sensitive SPDA component has a low or negative 
duration. Why? First, because the SPDA credited rate is reset to follow somewhat the 
direction of interest rates, the amount of SPDA cash value increases as interest rates increase. 
Second, the amount of cash flow required to support the SPDA also increases as interest rates 
increase, due to the occurrence of additional surrenders. Any instrument that has increased 
cash flow or value as interest rates increase has a low or negative duration. 


In the case of the SPDA, because we must overlay a negative duration for the 
“interest-sensitive” component onto the more positive duration of 6.3 years for the “normal” 
component, we know that the price-sensitivity (option-adjusted duration) of the SPDA must be 
less than its average maturity (Macaulay duration). This relationship can also be expressed 
mathematically, as described in Appendix IV. 
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SECTION IV 


TMMUNIZING THE PROFITABILITY OF THE SPDA 


We now wish to test the effectiveness of using the option-adjusted duration measure of 
price sensitivity to immunize the profitability of our representative SPDA . We will first test the 
success of constant-maturity investment strategies in order to give the reader an appreciation 
of the amount of risk inherent in mismatched investment strategies. As in Section I, where we 
examined « non-interest-sensitive insurance lability, we will use an actuarial simulation to 
gauge the extent of the immunization. Once again, the test is conducted using the 100 different 
interest rate scenarios that were shown in Figure 1 and highlighted in Appendix TII.'* 


Constant-Maturity Investment Strategies 

Figure 7 shows the results for various constant-maturity investment strategies. As before, 
the vertical axis is the amount of redundancy (positive numbers) or deficiency (negative 
numbers) in the initial SPDA reserve and the vertical boxes indicate the range of results using 
that investment strategy for all 100 different interest rate scenarios. The additional markings 
show the 20th, 40th, 60th and 80th percentiles and each “diamond” marks the average of all 
100 scenarios. 


Figure 7 is a good illustration of how an actuarial simulation approach is normally used to 
decide upon an optimal investment strategy. On the basis of the six constant-maturity 
investment strategies, an insurance company risk manager might decide that three-year bonds 


Figure 7 
Simulation of SPDA Liability 
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offer the least risk in backing the SPDA. Alternatively, the risk manager might choose to test 
other investment strategics, using three-year bonds as a baseline. In any event, such testing 
would continue until the risk manager was satisfied with the results. 


As was the case in testing constant-maturity investment strategies against the simplified 
insurance liability, the average result is close to SO, indicating a lack of bias in the scenarios. 
The SPDA results in Figure 7 also exhibit some of the skewness shown in the study of the 
simplified insurance liability. Most of this skewness is due to the same effects noted earlier 
(i.e., the effect of high interest/discount rates being associated with generally “losing” 
scenarios using long investments, and generally “winning’* scenarios using short 
investments), but the interest-sensitivity of the liability introduces another effect. Because 
high interest rate scenarios gencrally result in increased surrenders, any gain or loss achieved 
by investing in short or long investments does not have a chance to accrue. Conversely, the 


minimal surrenders in low interest rate scenarios permit any gain or loss to build to a large 
amount. 


Still, the “optimal” investment strategy of three-year bonds is hardly an immunizing 
strategy. Table 2 contains the values that were used to generate Figure 7. One can see that in at 
least 40% of the scenarios (those above the 80th and below the 20th percentiles) the size of the 
redundancy or deficiency is large, especially when compared with the profit target of $2,000. 
This variability is probably unacceptable, even using the three-year bond strategy. 


Some risk managers might be willing to live with variability, as long as there is not much 
probability that an unacceptable deficiency will occur. Table 2 also shows the number of 
scenarios in which a reserve deficiency exceeded the target profit of $2,000. Using a 
three-year bond investment strategy, this amount of deficiency occurred in an unacceptable 41 
out of 100 scenarios. 


Table 2 
SPDA 


Simulation Results for Various Investment Strategies: 
Present Value of Ending Surplus 


3-Month 6&WMonth 3-Year 5-Year 10-Year 20-Year 
Bonds Bonds Bonds Bonds Bonds Bonds 


ee ee 


Maximum Redundancy £13,771 $7,395 $751.773 $29,030 $52.147 $69,616 
80th Percentile $8,132 $3,940 $4,113 $9,260 $14652 $17,616 
60th Percentile $3,211 $1,653 $1,140 $2,354 $2.742 $4,502 
Average (S58) ($702) ($421) $584 $2,537 $3,793 
40th Percentile ($888) ($1,065) (2,382) ($4,576) ($6182) ($6,504) 
20th Percentile ($7,815) ($5,271) ($5,719) ($8,216) 10.570) ($11,514) 
Maximum De‘iciency ($28,137) (823,376) ($13,569) ($16,676) (318477) ($18,437) 
Number of Scenaios 

Deficient by $2,000 36 35 Al 44 49 50 
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Duration-Matched Investment Strategy 


Testing a duration-matched investment strategy for an SPDA is a very computer-intensive 
exercise. For cach interest rate scenario to be tested, the duration of the remaining SPDA 
liability must be recalculated every quarter as one proceeds along a path. Since the calculation 
of an accurate duration requires the generation and evaluation of 300 interest rate paths (100 
valuation paths for each of the current and shocked interest rate environments), and we 
conducted a 40-quarter study for each of 100 different interest rate scenarios, the test of the 
duration-matched investment strategy required the gencration and evaluation of 1,200,000 
separate interest rate scenarios!* Insurance company risk managers can be thankful that the 
real world follows only one interest rate path at a time and that it is necessary ‘to evaluate just 
the three sets of 100 scenarios cach time 2 valuation is performed. 

Figure 8 shows several duration paths taken by the SPDA over the 10-year evaluation 
period. The SPDA exhibits the duration drift that is characteristic of any aging cash flow 
stream. However, unlike the simplified insurance liability exhibited in Figure 4, the duration 
of the SPDA gencrally drifts from 3.5 at inception to zero at the five-year point, and then 
exhibits an annual saw-toothed pattern. The reasoning behind the pattern has to do with the 
nature of the credited rate guarantee. This SPDA has a credited rate that is fixed for the first 
five years and then reset annually. Still, there is significant variability around this baseline drift 
pattern." As a general rule, lower interest rates lead to a higher duration (mostly because there 
is a greater chance that the credited rate will be subject to the guaranteed 4% minimum) and 
higher interest rates lead to a lower duration (interest-sensitive surrenders occur). 


Figure 8 
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Once the paths of SPDA duration have been calculated, they can be used to test a 
duration-matched investment strategy. As with the test of the simple insurance hability, the 
modeled investment strategy is to purchase, at the beginning of each quarter, a portfolio of two 
bonds that has the same duration as the remaining liability. Figure 9 appends the results of this 
duration-matching strategy to the previous figure of the constant-maturity investment 
strategies. Table 3 appends the numeric results to the values in Table 2. 


Figure 9 
Simulation of SPDA Liability 
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Present Value of Surplus 
Duration 3-Month 6-Month 3-Year 5-Year 10-Year 20-Year 

_Match ; Bonds Bonds _ Bonds _Bonds Bonds Bonds — 
NVaxirmum Redundancy £2,929 $13,771 £7 335 $14,773 $29,93C $52,147 $69,615 
&Uth Percent e $1,403 $8,132 $3,940 $4," 13 $9,26C $74,652 $17,615 
60th Pecentie $685 €3,.211 $1,653 £1.°49 $2,354 $2,742 $4,692 
Average $140 (S58) ($702) ($421) $564 $2,537 $3,793 
40th Percentie ($387) ($888) ($1,065) ($2,387) (4,576) (95,187) (86,594) 
20th Pecentiie (£1,141) ($7,875) ($5,277) ($5,719) (88,216) ($10,570) ($11,514) 
Maximum Deficiency (€4,8°8) ($28,137) ($23,376) (£13,569) ($16,676) ($18,477) ($18,437) 

Number of Snanarios 
Delicisrt by $2,090 3 36 35 | 44 49 50 

Retween: 
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The duration-matching investment strategy provides a dramatic improvement in risk 
control. The profit target of $2,000 is now achieved in 94 out of 100 scenarios. Table 3 also 
indicates that 89% of the scenarios are within $2,000 of the target surplus and 44 % are within 
$1,000. It should also be noted that these results were obtained even though the portfolio was 
rebalanced only quarterly and that the two-bond asset portfolio matched only the duration of 
the SPDA liabililty. Better immunization could be obtained with more frequent rebalancing 
and/or a greater degrce of convexity match. Still, this test proves the possibility of immunizing 
one of the most highly interest-sensitive insurance liabilities—the SPDA. 
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CONCLUSION 


This report explains the principles involved in achieving the immunization of profil arising 
from a very interest-sensitive insurance lability, the SPDA, The practical application of these 
principles has been validated through the use of un actuarial simulation model. Only by 
properly measuring the price sensitivity of the SPDA can an immunizing investment strategy 
be formulated. The proper measurement of price sensitivity, known as duration, requires the 
use of option-pricing theory. Option-pricing theory permits the establishment of an 
immunizing investment strategy for the SPDA, even though future interest rate movements 
are unknown. The immunization achicved through these techniques is quite successful, 
resulting in the original profit target being attained in 94 nut of 100 tested scenarios. 


We have also shown that two popular asset/liability tools, actuarial-simulation mudels and 
Macaulay duration, can create suboptimal investment strategies when used in an attempt to 
immunize interest-sensitive liabilities. An actuarial simulation is, however, an important tool 
in examining the risk of any investment strategy and it is also an integral part of the 
option-pricing model that is used to develop the duration-matched investment strategy. 
Macaulay duration is shown to be a component of price-sensitivity duration, and by itself will 
usually be biased significantly upward from the SPDA's true price-sensitivity duration. 

The techniques outlined in this report can be adapted to the analysis of other 
interest-sensitive cash flows, mcluding other insurance abilites. The use of these techniques 
will allow insurance company risk managers to quantify the market values of assets and 
habiliues and adupt a sounder approach to the reduction of asset/liability risk. 
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APPENDIX I 


SIMPLIFIED INSURANCE LIABILITY 


PRICING ASSUMPTIONS 
Liab. #1 
Coupon-Bond Spot Discount Cash 
Maturity ds ‘Rates Delta Factor Flow 
us V14h 7.14% 7.02% 0.9655 $4,000 
1.0 VBS TRB 7.72 0.9257 4,000 
ES 8.27 8.30 8.13 0.8852 4,000 
2.0 8.62 8.67 8.48 0.3439 4,000 
2.5 8.80 8,85 8.66 0.8053 4,000 
3.0 8.90 8,96 8.76 0.7688 4,000 
a5 9.00 9.06 8.86 0.7333 4,000 
4.0 9.08 9.15 8.95 0.6991 4,000 
45 9.16 9.24 9.03 0.6661 4,000 
5.0 9,22 9.31 9.10 0.6344 4,000 
5.5 9.29 9.39 9.18 0.6036 4,000 
6.0 9.36 9.47 9.26 0.5739 4,000 
6.5 9.42 9.55 9.33 0 5453 4,000 
7.0 9.48 9.62 9.40 0.4180 4,000 
73 9.53 9.69 9.45 0.4921 4,00 
BO 9.57 973 9.5U) 0.4675 4,000 
85 9.61 oi 9.55 0.4441 4,000 
9.0 9.64 9.82 9.59 0.4219 4,000 
5.5 9.67 9.86 9.62 0,4008 4,000 
10.0 9.70 9,389 9.66 0.3807 4,000 
Market Valuc 
Profit 
Premium 


$57,306 


Liab. #2 
Cash Present 
—_. 
0 $ 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 1) 
it) th 
0 0 
0 0 
Ot f} 
0 i) 
0 0 
0 0 
0 0 
0 0 
100,000 38,072 
$38.072 
4.623 
$42,694 


SIMULATION RESULTS FOR VARIOUS INVESTMENT STRATEGIES: 
PRESENT VALUE OF ENDING SURPLUS 


Duration Constant 
Match Duration 


3-Month 
Bonds 


6-Month 
Bonds 


Maximum Redundancy $1,247 $19,067 


80th Percentile 348 5,998 
60th Percentile 70 75 
Average 1 386 
40th Percentile (136) (2,005) 
20th Percentile (421) (5,405) 
Maximum Deticiency (810) (9,895) 


$46,018 

14,925 
4,567 
(100) 
(5,555) 
(15,839) 
(44,238) 


28 


2,514 
(1,299) 
(4,481) 

(12,005) 

(39,853) 


$11,894 

3,159 

224 
(1,788) 
(2,248) 
(6,383) 
(26,596) 


(4,674) 
(13,211) 


Bonds Bonds 
$22,745 $36.490 
5,307 7578 
125 1,016 
351 1,394 


(2,268) (2,879) 
(5,433) (6,440) 
(9,534) (10,516) 
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APPENDIX I (cont'd) 


SIMPLIFIED LIABILITY CASH FLOWS 


IFIGH INTEREST RATE SCENARIO 


Yield Curve 
a 5 

8.90% 9.22% 

BRS 9.15 
10.27 10.44 
10.83 10.94 
10.57 10.64 
10.00 10.10 
10.09 10.29 
11.74 11.83 
10.70 10.79 
12.46 12.46 
13.91 14.02 
13,35 13.42 
13.96 13,87 
15.22 14,94 
14.17 14.22 
14.31 14.31 
15.60 15.23 
15,04 14.60 
15.94 15.45 
16.64 15.90 
18.43 17.68 
20.59 19.58 
£9.02 18.03 
21.71 20.38 
22.60 21.18 
23,96 22.31 
23.05 21.69 
23.99 22.42 
27.19 25.07 
28.53 26.41 
31.61 29.46 
33,17 30.66 
33.53 30.88 
36.31 33.44 
38.56 35.51 
%.63 33.79 
39.02 35.66 
42.73 39.14 
45.43 41.34 
42.57 38.36 
41.20 37.28 


10 


9.70% 

9.67 
10.89 
11.10 
10.76 
10.26 
10.51 
11.80 
10.81 
12.22 
13,80 
13.22 
13.47 
14.29 
13.96 
14.00 
14.52 
14.9 
14.43 
14.81 
16.49 
16.05 
16.61 
18.53 
19.21 
20,09 
19,75 
20.26 
22.30 
23.60 
26.52 
27,38 
27,47 
29,76 
31.64 
30.13 
31.49 
34.70 
36,43 
33.32 
32,49 


9.91% 


9.86 
10,71 
11.05 
10.72 
10.29 
10.55 
11,60 
10,72 
11,89 
13.37 
12,83 
12,98 
13.63 
13,50 
13.52 
13,82 
13.20 
13.85 
13.89 
15.42 
16.75 
15.42 
17.04 
17.62 
18,34 
18,13 
18,51 
20.17 
21.41 
24.23 
24.88 
24.39 
27.01 
28.77 
27.37 
28.41 
31.47 
32.89 
29.67 
28.97 


4,000 
tv] 
4.000 
0 
4,000 
a 
4.000 
A] 
4,000 
0 
4,000 
0 
4,000 
i) 
104,00) 


Market 
Value Duration 

$89,172 6.57 
91,810 6.53 
84.168 .28 
84,284 6.00 
84.316 6.08 
89.163 5.87 
86.201 3.87 
82,128 3.53 
85,140 5.62 
80,3804 5.28 
72,924 5.19 
77,613 4,97 
74,950 4.93 
74,169 4.69 
74,370 4.69 
76,709 4.44 
72,958 4.42 
7,49 4.19 
73,591 4.13 
78,092 3.88 
69,068 3.79 
67,404 3.50 
69,852 3.46 
67,474 3.20 
64,896 3.12 
65,703 2.85 
66,249 2.76 
68 , 48 2.52 
62,898 2.40 
64,600 2.14 
60,790 2.01 
63,150 1,75 
63,316 1.6] 
65,393 1.35 
64,946 1.18 
72,357 0.93 
72,693 0.73 
TT 997 0.48 
81,242 0.25 
91,784 u 
0 i 
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APPENDIX I (cont’d) 


SIMPLIFIED LIABILITY CASH FLOWS 


STABLE INTEREST RATE SCENARIO 


Yield Curve 
. ae 2 
8.90% 9.22% 
8.03 8.43 
8.35 8.85 
8.89 9.45 
8.08 8.64 
7.05 7.64 
7.08 7.60 
8.45 8.99 
8.06 8.58 
6.80 7.19 
7.18 7.45 
7387 8.16 
8.27 8.63 
8.34 8.69 - 
8.24 8.56 
7.54 7.80 
7.42 7.65 
7.38 ys 
7.14 7.53 
6.50 4.9K 
7.2 V37 
6.86 7.22 
6.56 6.91 
6.71 7.12 
7.03 7.60 
6.55 7.03 
6.96 746 
6.52 7.09 
6.33 6.84 
6.64 706 
8.75 9.11 
9.30 9.79 
8.89 9.56 
9.39 10.02 
§.52 9.16 
9.17 9.39 
9.0 10) O2 
9.26 10.01 
9.25 9.78 
9.74 10.23 
10.25 10.48 


10 
9.70% 


9.09 
9.80 
10.21 
947 
8.56 
$.43 
9.69 
9.26 
7.82 
7.92 
8.57 
9.09 
9.15 
3.98 
4.23 
4.07 
4.32 
8.15 
7.76 
797 
7.85 
7.55 
7.82 
8.36 
7.84 
9.25 
8.00 
7.71 
7.79 
9.63 
10.39 
10.41 
10.79 
10.00 
10.78 
10.90 
10.90 
10.45 
10.81 
10.75 


20 


9.91% 


9.46 
9.96 
10,52 
9.89 
9.13 
B.97 
10,03 
9.64 
B.34 
8.33 
8.88 
9.36 
9.41 
9.25 
R.57 
8.42 
8.70 
8.58 
B.at 
8.40 
8.30 
8.02 
8.28 
8.77 
8.33 
8.68 
8.33 
8,22 
8.21 
9.72 
1045 
10. 3 
10.87 
1D 18 
10.89 
1099 
10.99 
10.47 
10.74 
10.53 


Total 
Outflow 


Market 
Value 


$ 89,173 
95,057 
90,266 
89,070 
91,682 
99,509 
98,491 
93,274 
93,941 

104,426 
101,614 
99,964 
95,547 
97,468 
Yh 462 
102,338 
101,177 
102.636 
104,746 
106,216 
102,627 
105,267 
104,505 
105,717 
102,127 
106,127 
102,767 
106,041 
104,541 
105,497 
93,599 
94 880 
WS 224 
100,672 
100,180 
108,713 
94 BOS 
104, ORR 
99,810 
101,800 
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APPENDIX I (cont’d) 


SIMPLIFIED LIABILITY CASH FLOWS 


LOW INTEREST RATE SCENARIO 


Vield Curve 
e, 
890% 9.22% 
9.69 9.07 
9.19 9.64 
8.60 9.05 
5.38 8.77 
8.50 8.7% 
9.14 9.44 
7.58 7.3 
7.63 7.89 
6.79 7.13 
6.40 6.67 
6.36 6.59 
6.20 6.46 
5.63 5.89 
6.36 6.47 
6.07 6.11 
5.81 6.01 
6.35 6.63 
5.90 6.13 
5.49 5.71 
5.28 5.55 
4.77 5.09 
5.14 5.46 
4.37 4.67 
4.58 4.96 
4.39 4.83 
5.00 5.49 
4.85 5.44 
3.75 4.24 
3.84 4.35 
3.65 4.17 
3.34 3.85 
$532 3.84 
3.05 3.55 
3.05 3.60 
3.33 3.66 
aS 3.39 
2.76 3.31 
2.34 2.81 
2.44 2.90 
2.65 3.12 


10 


9.70% 


9.64 
10.76 
9.71 
9.37 
9.24 
9.85 
8.49 
8.30 
7.68 
7.7 
7.08 
6.94 
6.41 
6.76 
6.37 
645 
7.12 
6.63 
6.34 
6.15 
5.79 
6.12 
$.35 
5.73 
5.69 
6.38 
6.47 
$25 
5.39 
§.22 
4.93 
404 
4.63 
4.75 
4.78 
4.53 
4.49 
3.89 
3.95 
4.15 


31 


991% 


991 
10.50 
10.03 

9.70 

9.52 
10.04 

8.89 

8.64 

8.15 

7.68 

752 

7.46 

7.01 

7A9 

6.81 

6.97 

7.58 

7.14 

6.93 

6.75 

6.49 

6.75 

6.08 

6.46 

6.47 

7.0 

7.20 

6.14 

6.26 

6.13 

5.88 


5.61 
5.75 
5.74 


5.33 


4.97 
$.1i 


95 OOK 
89,805 
99,946 
99,046 
105,105 
106,114 
108,772 
107,386 
112,538 
107,596 
111,394 
109,450 
108,075 
108,381 
111,882 
110,611 
114,359 
110,404 
115,225 
111,692 
113,790 
109, 139 
111,133 
112,002 
112,981 
110,589 
112,504 
109,558 
110,946 
107,870 
108,534 
105,587 
106,345 
103,057 
103,517 
0 
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6.57 
6.32 
6.29 
6.10 
6.17 
5.95 
5.91 
4.73 
5.78 
5.57 
5.57 
§.33 
3.29 
5.07 
4.9 
4.76 
4.68 
4.41 
4.34 
4.10 
4.01 
3,77 
3.65 
3.4] 
3.28 
3.0 
ZRY 


APPENDIX II 


SPDA Case Study Assumptions 


Policy Size: An assumed single new-issuc block totaling $100,000 of premium. 


Time Frame Modeled: Quarterly cash flows for 10 years. At the end of the 10-year period, all 
remaining in-force policies are assumed to surrender their full account valuc. 


Interest Rate Guarantee: The initial guarantee is 7.90%, annual effective, for five years. 
After the expiration of the five-year period, the guarantee is reset annually according to the 
credited-rate strategy described below. 


Credited-Rate Strategy: The initial five years have a fixed credited rate of 7.90%. On each 
policy anniversary after the fifth year, the insurer sets its credited rate by deducting a margin of 
165 basis points from the five-year current-coupon bond rate. 


Surrender Charges: The surrender charges are applied to the total policy account value that 
has accrued to the time of surrender. The amount paid to the policyholder at any time period is 
the account value less the surrender charge. All surrenders are subject to the surrender charge 
(that is, no free surrenders).'* The SPDA does not contain a provision in which the surrender 
charge is adjusted downward if it would cause the return of less than the original premium to 
the policy holder (commonly referred to.as a “money-back guarantee”). The surrender charge 
scale is as follows: 


Policy Surrender 
Year Charge _ 
1 6% 

2 6 
3 5 
4 4 
5 3 
6 2 
7 1 
8+ 0 


Surrenders: There is an assumed number of bascline (non-interest-sensitive) surrenders that 
equals 4% of the account value annually. Interest-sensitive surrenders are in addition to the 
baseline surrenders. The function for determining interest-sensitive surrenders is explained in 
“Modeling the Surrenders.” 


Expenses: The following expenses are assumed: 


Commissions: 5% as an up-front expense. There is also a “chargeback” that results in 
commission being recaptured if the policy lapses within the first policy year. The 
chargebacks for the first four quarters are 95%, 95%, 45%, and 45%, respectively. 


Issuance Expense: $150 as an up-front expense. 


18 Ifa free withdrawal corridor exists, jt is often modeled us an udjustent to the grogs surrender charge scaic. For 2xample the exist orn 
would resuit in a first-year 6% surrender charge being modeled as a 3.4% eh tah charge, * j eA as 
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Maintenance Expense: $25 per policy, per year, expensed quarterly. This amount 
inflates at an annual rate equal to 2% less than the yield on three-month investments. 


Investment Expense: An annual expense equal to 25 basis points of the account valuc. 
The annualized expense is paid on a quarterly basis. 


Profit: The profit goal is 2% of the gross single premium, and is treated as an up front 
expense. 


Insurer’s Investment Strategy: The option-pricing techniques used in this analysis do not 
require any “investment strategy’’ per se to be specified, since the ultimate output of the 
analysis defines the immunizing mvestment strategy. However, we must make an assumption 
about the initial investment environment in order to value the liability. This investment 
assumption can take two forms: (1) We assume a particular initial yield curve of available 
investments and analyze what profit (or loss) will be supported, or (2) we assume a particular 
profit target and solve for the yield spread above Treasuries needed to support the target. 
These two methods are usually referred to as “valuation mode” and “pricing mode,” 
respectively. For the purposes of this publication we have assumed that the insurer can invest in 
current-coupon bonds having the yields shown in Appendix I. The valuation of the SPDA 
liability will show that these yields are sufficient to support the 2% profit target. 

Interest Rate Volatility: Because we are using the initial yicld curve to gcncrate interest rate 
scenarius, we must also make an assumption about the future volatility of interest rates. The 
volatility used in this study is equivalent to an annual volatility of 20% on the movement of 
three-month interest rates and 12 % on the movement of 20-year interest rates. We also assume 
that there would be an 85% correlation between three-month and 20-year interest rates. A 
volatility of 20% can be approximutely interpreted to mean that if interest rates begin the year 
at 10%, there is a 68.3% probability that the end-of-year rate will be between 8.19% and 
12.21%. 


Modeling the Surrenders 


In order to mode] the interest-sensitive surrenders (i.e., above the 4% baseline), it is first 
necessary to model the following: 


(a) The interest rate credited to the policy account, including rates that apply after the 
initial rate guarantee period expires. 


{b) The rate a competitor offers on new policies. 


As an example, the SPDA policy may have an initial interest rate that is guaranteed for 
three years. After this rate expires, the policy may allow for the credited rate to be reset 
annually, To model the initial and renewal credited interest rates, it is necessary to choose an 
interest rate crediting strategy. The modeled strategy can be as simple as deducting “‘X”’ basis 
points from of the then current “Y”’-year U.S. Treasury bond rate, or it can be more 
complicated. The competitor’s strategy can be defined in a similar fashion, Often, in order to 
be conservative, the competitor’s rate is modeled according to a “higher of” formula. That is, 
we assume that the competitor will credit the higher of two rates: acurrent “new money” rate, 
and a rolling average “portfolio” rate. The competitor's rate changes quarterly in our 
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quarlerly model, while the policy rate changes only when guarantee periods expire. Since the 
model uses interest rate paths for which complete current vield curves are specified at each 
point in time, it is always possible to construct both the competitor's and the insurer’s credited 
rates. 

The actual volume of interest-sensitive policy surrenders can be expected to exhibit some 
policyholder “inertia.” For purposes of this publication, we have reflected such inertia in two 
ways. First, the competitor’s rate must cxceed the insurer’s rate by at least a specified 
“threshold” amount before the average policyholder will consider surrendering. This 
threshold generally varies by the age of the policy. Second, since the policyholder may be 
more likely to surrender only atter it has been economically feasible to do so for an extended 
period of time, the model causes interest-sensitive surrenders to increase as the situation of a 
compctitor’s rate exceeding the credited rate persists for several time periods. 


SPDAs carry surrender charges to inhibit interest-sensitive surrenders before the insurer 
has a chance to recover acquisition expenses. ‘The surrender charge can be considered to 
provide an added hurdle spread that a competitor’s rate must cover in order to induce the 
policyholder to surrender. The size of this hurdle is a function of how the policyholder decides 
lo “amortize” the surrender charge. The longer the time period over which the policyholder is 
willing to recover the surrender charge, the lower the hurdle will be. Also, as the surrender 
charge lessens, the hurdle will lessen. 


All of the characteristics described above can be incorporated into a surrender function 
that depends on an interest-sensitive index. 


Define: 
D, = Interest-sensitive index at time t. 
L = Insurer's crediting rate at time t. 
A = Competitor’s crediting rate at time t. 
SC, = Surrender charge at time t. 
H = Policyholder’s “horizon” for recovering 
SC. 
L, = Policyholder inertia threshold at time t. 


Then, the interest-sensitive index is defined as follows: 


D = C-],-L,-11-a-sem 


It can be seen that the interest-sensitive index is positive only if the competitor’s rate 
exceeds the sum of the insurcr’s rate, the inertia threshold, and the amount needed to amortize 
the surrender charge over the policybolder’s horizon. 
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Define: 


S = Strength parameter. 

M - Memory parameter between 0 and 1. 

Pp = Power parameter. 

wd; ~ Annual effective surrender rate at time t. 

bq, = Base annual effective surrender rate at 
time t. 

J, = 1 if D, is positive, and 0 otherwise. 


Then: 


wd, 


t 
bq, + JS (Ly KD, y 


The total surrender rate at any time is equal to the base surrender rate plus an 
interest-sensitive surrender rate. The interest-sensitive surrenders apply only if the current- 
period interest-sensitive index is positive. They also depend on all of the interest-sensitive 
indices that have occurred up to the current period, each weighted by the appropriate 


policyholder memory factor. 
The various index values used in this report are: 
5 = Strength parameter < 100% 
M = Memory parameter = 90% 
p = Power parameter = 64% 


These index values produce the following representative surrender rates: 


Spread of Competitor’s 
Rate Over Insurer's 
Credited Rate Plus 
Threshold 
I 
100 basis points 5.2% 
300 10.6 
500 14.7 


Annualized Interest-Sensitive Lapses 


Consecutive Quarters 
re a ee 
7.9% 9.9% 11.6% 16.0% 
16.0 20.1 23.4 a2: 
22.2 27.8 32.4 44.8 
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APPENDIX IV 


This appendix discusses the relationship between the price-sensitivity and Macaulay 
measures of duration. Although the supporting mathematics are too onerous for presentation 
in this report, we believe that a qualitative description adds insight to the important differences 
between the two measures. 


The relationship can be expressed symbolically as: 
Dps = Dy -AD cps, 


where D,, is price-sensitivity duration, D,, is Macaulay duration, and ADcpeg is the 
cash-flow-sensitivity correction term. 


For the purposes of this report, and in most of the asset/liability analysis done at Morgan 
Stanley, it has been found that a “‘parallel shock” to the initial term structure is sufficient to 
calculate a duration measure D,, that produces acceptable results even though nonparallel 
shocks generally occur in the real world. The degree of immunization that was demonstrated 
earlier in this paper for the SPDA is evidence of this conclusion.” 


For an interest-sensitive cash flow stream, D,, is a generalization of the classical Macaulay 
definition. The generalized formula involves summations of expressions over all interest rate 
paths in the arbitrage-free sample. Unless the cash flows depend only on their time of 
occurrence, t, and not on the particular path of interest rates followed, these summations over 
paths do not reduce to the simple factors of t found in the classical formula for Macaulay 
duration. Nevertheless, D,, can still be interpreted as an average time of payment of the cash 
flow stream. 


The cash-flow-sensitivity correction term expresses the contribution to the 
price-sensitivity duration measure that arises explicitly from the interest-rate sensitivity of the 
various cash flows.” This correction term will likely be positive if cash flows increase as 
interest rates increase. Insurance products usually behave so that if interest rates increase, 
earlier cash flows increase, while later cash flows may decrease. The calculation of DD; <5 
involves present values, and thus applies relatively greater weight to changes in the earlier 
part of the cash flow stream than to changes in the later part. This implies that most insurance 
liabilities have positive cash-flow-sensitivity correction terms, and thus price-sensitivity 
durations that are less than Macaulay durations. 


'9 Its (theoretically) possible to calculate a stochastic derivative of dx price function chat would give am even mote accurate measure of price sensisivity, 


0 The Macaulay coration term itself will be ir.fluenced somewhat by any dependence of the cash flows on interest rates. The :nterest-rete sensitivity of the 
cash Flows leads to the inability to recover the simple £acwors of t found in the classical formula. 
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